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Abstract
We show how the equations for harmonic maps into homogeneous spaces generalize to harmonic sections of
homogeneous fibre bundles. Surprisingly, the generalization does not explicitly involve the curvature of the bundle.
However, a number of special cases of the harmonic section equations (including the new condition of super-
flatness) are studied in which the bundle curvature does appear. Some examples are given to illustrate these special
cases in the non-flat environment. The bundle in question is the twistor bundle of an even-dimensional Riemannian
manifold M whose sections are the almost-Hermitian structures of M .
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1. Introduction
Let π :N → M be a smooth reductive homogeneous fibre bundle, equipped with a Kaluza–Klein
geometric structure (see Section 2 for precise definitions), and let σ be a smooth section. Such situations
arise, for example, when M is equipped with some additional geometric structure, viewed as a reduction
of the structure group of the tangent bundle. The primary purpose of this article is to consider the
harmonic section equations:
(1.1)τ vσ = Tr∇vdvσ = 0,
where dvσ (resp. ∇v) is the vertical component of the differential dσ (resp. Levi-Civita connection
of N ); τ vσ is called the vertical tension field of σ . These equations, and the corresponding variational
problem, have been studied in a number of special cases; for some recent examples see [2,3,7,8,13,20].
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natural generalization of horizontality (dvσ = 0).
One may also regard harmonic sections of π as generalizations of harmonic maps from M into the
fibre model: the graph of a harmonic map is a harmonic section of the trivial bundle, and vice versa.
It is therefore natural to ask how the well-known characterization of harmonic maps into reductive
homogeneous spaces [4,18] generalizes to harmonic sections; in particular, to what extent does the
bundle’s curvature enter the equation? It turns out, perhaps surprisingly, that there is no explicit
appearance of curvature; in fact, there is a certain amount of gauge invariance in the harmonic section
equations (Theorem 3.2). However, the influence of curvature on the geometry of harmonic sections
shows up in a number of special cases:
(a) sections which are harmonic maps;
(b) sections which are totally geodesic maps;
(c) super-flat sections.
By a super-flat section we mean one which satisfies:
(1.2)αvσ =∇vdvσ = 0,
and the tensor field αvσ will be referred to as the super-curvature of σ . Clearly horizontality implies
super-flatness, and in Section 3 we establish the following sequence of implications for sections of
homogeneous bundles:
super-flat ⇒ totally geodesic ⇒ harmonic map ⇒ harmonic section.
It is perhaps surprising that super-flat sections are totally geodesic: from Eqs. (1.1) and (1.2), the relation
between super-flat and harmonic sections is analogous to that between totally geodesic and harmonic
maps, and the latter specialize harmonic sections. It turns out that (1.2) is really quite a strong condition,
lying somewhere between horizontality and flatness (Theorem 3.5; see [23] for a generalization to
arbitrary fibre bundles). The harmonic map equations have been studied for sections in a limited number
of special cases; see [11,15]. We show that in general a harmonic map σ is a harmonic section whose
curvature is pointwise orthogonal to dvσ (Theorem 3.6). Totally geodesic sections are characterized in
Theorem 3.4.
For flat bundles (or more generally flat sections), the conditions of total geodesy and super-flatness
coincide, as indeed do the two versions of harmonicity. To show that there are distinct differences in the
non-flat environment, in Section 4 we exhibit:
(i) a totally geodesic section which is not super-flat;
(ii) a harmonic section which is not a harmonic map.
These examples both come from Hermitian geometry, with π the ‘twistor bundle’; of the two, (i) is the
first of its type, whereas (ii) complements recent examples in [7,8] when π is the unit tangent bundle.
We show that the harmonic section equations of Section 3 reduce to those of [22], where they were
derived using a completely different variational method. It was noted in [22] that every nearly-Kähler
structure is (parametrized by) a harmonic section; in Theorem 4.4 we show that nearly-Kähler structures
satisfy considerably stronger conditions. We also show that for (1,2)-symplectic structures the harmonic
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yielding a ∗analogue of Schur’s Lemma (Theorem 4.8). Further examples of harmonic sections of the
twistor bundle may be found in [5]. The theory of horizontal (and holomorphic) maps into twistor
space was comprehensively described in [19]; in fact the techniques of [19] could be adapted to provide
alternative derivations of Theorems 4.2 and 4.3.
The paper commences with a preparatory discussion in Section 2 of the fundamentals of homogeneous
fibre bundle geometry. There are similarities here with the early part of the monograph [4], which is
essentially a description of the trivial case; however, the closest analogy is with the approach to the
geometry of fibre bundles and homogeneous spaces in [14].
2. Homogeneous fibre bundle geometry
Let G be a Lie group, and let ξ :Q→M be a principal G-bundle. Let N =Q/H be the orbit space
under the action of a Lie subgroup H of G. The H -orbit map ζ :Q→ N is then a principal H -bundle,
and ξ = π ◦ ζ where π :N →M is a fibre bundle with fibre G/H , which is naturally isomorphic to the
associated bundle Q×G G/H . We assume that G/H is reductive:
g= h⊕m, with AdG(H)m⊂m,
where g (resp. h) is the Lie algebra of G (resp. H ). We also assume the following geometric infra-
structure:
(1) A Riemannian metric g on M .
(2) A G-invariant Riemannian metric on G/H ; equivalently, an AdG(H)-invariant (positive definite)
inner product 〈 , 〉 on m.
(3) A connection in ξ ; let ω be the corresponding g-valued connection form on Q.
We may then split TN = V ⊕H, where the vertical and horizontal subbundles are defined:
V = kerπ∗ = ζ∗(ker ξ∗) and H= ζ∗(kerω),
and construct a Riemannian metric h on N by supplementing the H-lift of g with the fibre metric in V
induced by 〈 , 〉. Then π : (N,h)→ (M,g) is a Riemannian submersion with totally geodesic fibres [21].
Eq. (2.4) below gives a more explicit representation of h.
The canonical bundle mQ →N is the vector bundle associated to ζ with fibre m. If q ∈Q and a ∈m
with corresponding 1-parameter subgroup exp ta, define
a∗(q)= d
dt
∣∣∣∣
t=0
q. exp ta ∈ TqQ,
and let q•a denote the point in the fibre of mQ over ζ(q) with ‘coordinates’ a relative to the ‘frame’ q.
Then ζ∗(a∗(q)) ∈ Vζ(q) and the following map is a vector bundle isomorphism:
(2.1)I :V→mQ; ζ∗
(
a∗(q)
) → q•a,
which we refer to as the canonical isomorphism. Let ω= ωh+ωm be the decomposition induced by the
splitting of g. Then ωm is an H -equivariant and ζ -horizontal m-valued 1-form on Q, which therefore
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(2.2)φ(ζ∗E)= q•ωm(E), ∀E ∈ TqQ.
From Eqs. (2.1) and (2.2):
(2.3)φ|V = I, and kerφ =H,
and we refer to φ as the homogeneous connection form. The inner product on m induces a fibre metric
on mQ, which we continue to denote by 〈 , 〉. The metric h is then characterized:
(2.4)h= π∗g+ 〈φ,φ〉.
In particular, I is a bundle isometry. Now let Ω be the curvature form of ω. The component Ωm projects
to a mQ-valued 2-form Φ on N . Since Ωm is ξ -horizontal, Φ is π -horizontal:
Φ(V,W)= 0, if V ∈ V or W ∈ V.
We refer to Φ as the homogeneous curvature form.
Since G/H is reductive, ωh is a connection form in ζ , which we refer to as the canonical connection
(although of course in non-vertical directions it depends on ω). Therefore mQ acquires a covariant
derivative ∇c, with respect to which the fibre metric is holonomy invariant. From ∇c is obtained an
exterior differential operator dc on the space of mQ-valued differential forms on N ; in particular the
canonical torsion T c is defined:
T c(A,B)= dcφ(A,B)=∇cA(φB)−∇cB(φA)− φ[A,B], ∀A,B ∈ C(T N).
Let gQ →M be the vector bundle associated to ξ with fibre g (the adjoint bundle), and let hQ → N
denote the bundle associated to ζ with fibre h (isotropy bundle in [4]). Then:
(2.5)π∗gQ = hQ⊕mQ.
The Lie bracket of g induces a bracket on the fibres of gQ, and hence those of π∗gQ, which we continue
to denote by [ , ]. Let [ , ]m denote the restriction to mQ of the mQ-component of [ , ]. Projection of the
m-component of the structure equation for ω:
dω=Ω − 12 [ω ∧ω]
yields the following result.
Proposition 2.1 (Homogeneous structure equation). T c =Φ − 12 [φ ∧ φ]m.
Corollary 2.2. If V,W ∈ V and H,K ∈H then:
(a) T c(V ,W)=−[IV, IW ]m.
(b) T c(H,K)=−φ[H,K] =Φ(H,K).
(c) T c(V ,H)= 0.
Remark. Corollary 2.2(b) implies that Φ vanishes identically if and only if H is integrable, in which
case we simply say that π is flat. Of course, this does not imply that ω is a flat connection; rather,
by the (Ambrose–Singer) holonomy theorem, that its restricted holonomy groups all lie in (the identity
component of) H . It also follows from Corollary 2.2 that:
C.M. Wood / Differential Geometry and its Applications 19 (2003) 193–210 197T c is horizontal if and only if the fibre G/H of π is a symmetric space;
T c is vertical if and only if π is flat.
In order to compare the Levi-Civita connection ∇N of (N,h) with the canonical connection we
introduce the difference tensor:
S(A,B)= φ(∇NA B)−∇cA(φB).
Also let U denote the following m-valued symmetric bilinear form on m:〈U(a, b), c〉= 〈[c, a]m, b〉+ 〈a, [c, b]m〉,
which vanishes if and only if G/H is naturally reductive. The mQ-valued bilinear form induced on the
fibres of mQ will also be denoted by U . The symmetric and skew-symmetric components of S may now
be identified as follows.
Proposition 2.3. 2S = φ∗U − T c.
Proof. Let A,B ∈ TyN , and V ∈ Vy . Extend A,B,V to vector fields, ensuring that V is vertical. Using
Eqs. (2.3) and (2.4), the well-known characterization of the Levi-Civita connection [14, Chapter IV,
Proposition 2.3] can be rewritten as follows:
2
〈
S(A,B),φV
〉=A.〈φB,φV 〉 +B.〈φA,φV 〉 − V.〈φA,φB〉
− 〈φA,φ[B,V ]〉− 〈φB,φ[A,V ]〉+ 〈φV,φ[A,B]〉− 2〈∇cA(φB),φV 〉
− V.g(π∗A,π∗B)− g
(
π∗A,π∗[B,V ]
)− g(π∗B,π∗[A,V ]).
The three terms involving g vanish. (This is clearly so if either A or B is vertical. If both A and B are
horizontal, then choose extensions which are basic (that is, horizontal and projectible) and note that V is
adapted to the zero vector field on M .) The remaining terms may be expanded using the ∇c-holonomy
invariance of 〈 , 〉:
2
〈
S(A,B),φV
〉= 〈T c(A,V ),φB〉+ 〈T c(B,V ),φA〉− 〈T c(A,B),φV 〉
= 〈U(φA,φB)− T c(A,B),φV 〉, by Corollary 2.2. ✷
Now let B = U + [ , ]m, an m-valued bilinear form on m which vanishes precisely when G/H is a
symmetric space. The mQ-valued bilinear form induced on the fibres of mQ will also be denoted by B.
Applying the homogeneous structure equation to Proposition 2.3 yields:
Corollary 2.4. 2S = φ∗B−Φ.
Corollary 2.5. For all V ∈ C(V) I (∇vAV )=∇cA(IV )+ 12B(φA, IV ).
Remark. From Corollary 2.5, I is connection-preserving along H; however I is fully connection-
preserving only when G/H is a symmetric space. Furthermore the difference between ∇v and ∇c
is no more complicated than that between the Riemannian and canonical connections of a reductive
Riemannian homogeneous space [14, Chapter X, Theorem 3.3], even when A is non-vertical.
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associated to ξ , it acquires a covariant derivative ∇ω from ω. The following result describes the extent to
which (the π -pullback of) ∇ω commutes with projection from π∗gQ onto mQ.
Lemma 2.6. If β ∈ C(π∗gQ) and A ∈ TN then
∇ωA(βm)−
(∇ωAβ)m = [φA,βm]h − [φA,βh]m.
Proof. The H -equivariant embedding Q ↪→ π∗Q; q → (ζ(q), q) allows ζ to be treated as a principal
H -subbundle of π∗ξ . Let b :π∗Q → g be the G-equivariant lift of β; then bm|Q :Q → m is the
H -equivariant lift of βm. If E is any ωh-horizontal lift of A, and Dω is the exterior covariant derivative
for (the π -pullback of) ω, then:
Dωb(E)= db(E)+ [ω(E), b], hence Dωb(E)m = dbm(E)+ [ω(E), b]m.
Similarly
Dωbm(E)= dbm(E)+
[
ω(E), bm
]
.
Therefore, since ωh(E)= 0:
Dωbm(E)−Dωb(E)m =
[
ωm(E), bm
]
h
− [ωm(E), bh]m.
The result follows on projection to π∗gQ. ✷
Pulling back ∇ω to π∗gQ and taking the components described in Eq. (2.5) yields a connection ∇m
in mQ, and by the lemma:
(2.6)∇mα =∇ωα− [φ,α]h, ∀α ∈ C(mQ).
It follows that mQ is an invariant subbundle of π∗gQ with respect to ∇ω-parallel translation along
horizontal paths in N . The following result shows that ∇c agrees with ∇m in horizontal directions, and
the two connections coincide precisely when G/H is a symmetric space.
Proposition 2.7. For all α ∈ C(mQ) ∇cα =∇mα− [φ,α]m =∇ωα− [φ,α].
Proof. If a :π∗Q→ g is the G-equivariant lift of α, then
Dωa = da + [ω,a] and Dca = da + [ωh, a],
where Dc is the exterior covariant derivative for ωh, extended to a G-connection in π∗ξ . Hence
Dωa =Dca + [ωm, a], so ∇ωα =∇cα+ [φ,α].
The result follows by comparison with Eq. (2.6). ✷
3. The harmonic section equations
Suppose now that the structure group of ξ :Q→M is reducible to H ; thus, there exists a principal
H -subbundle ξ ′ :Q′ →M . The submanifold ζ(Q′) ⊂ N is transverse to the fibres of π , and therefore
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between the totality of H -reductions and the space of sections C(π). Pulling back Eq. (2.5) by σ yields:
gQ = σ ∗hQ ⊕ σ ∗mQ.
The forms φ and Φ pull back to σ ∗mQ-valued forms on M ; in particular, from Eqs. (2.3):
(3.1)σ ∗φ = φ ◦ dσ = I ◦ dvσ.
Let ω′ = ωh|TQ′. Then ω′ is a connection in ξ ′, and ω is said to be reducible if ω|TQ′ = ω′. The
following characterizations of horizontality are easily verified.
Proposition 3.1. The following conditions are equivalent:
(a) σ is horizontal;
(b) σ ∗φ = 0;
(c) σ is an isometric immersion;
(d) ω is reducible.
We now use the canonical isomorphism to write the harmonic section equations (1.1) in terms of
the canonical connection. It transpires that the resultant equations are invariant under φ-equivalence of
connections in the canonical vector bundle. This notion of equivalence may be described in general
terms as follows. Let E→N be a vector bundle, and let ψ :TN → E be a morphism. The ψ-torsion of
a connection ∇ in E is the following E-valued 2-form:
T ψ(A,B)=∇A(ψB)−∇B(ψA)−ψ[A,B] = d∇ψ(A,B),
for all vector fields A,B on N . In particular, if ψ is an isomorphism then T ψ = ψ◦T where T is the
torsion of the linear connection ψ−1◦∇◦ψ on N . Given another connection ∇′ in E , the ψ-difference
tensor Sψ for the pair (∇,∇′) is defined:
Sψ(A,B)=∇A(ψB)−∇′A(ψB).
Then Sψ is symmetric precisely when ∇ and ∇′ have the same ψ-torsion. On the other hand, a
ψ-geodesic of ∇ is a path y(t) in N whose velocity field Y (t)= y′(t) satisfies:
∇d/dt(ψY )= 0,
where ∇d/dt is covariant differentiation in y∗E → R along the standard unit vector field. If ψ is an
isomorphism then ψ-geodesics are precisely the geodesics of ψ−1◦∇◦ψ . Skew-symmetry of Sψ means
that ∇ has the same ψ-geodesics as ∇′, in which case ∇ and ∇′ are ψ-equivalent. When E = mQ and
ψ = φ, T c is precisely the φ-torsion of ∇c, and by Proposition 2.7 the φ-difference tensor for (∇m,∇c)
is [φ,φ]m. It follows that ∇m and ∇c are φ-equivalent.
Theorem 3.2. For all σ ∈ C(π)
I
(
τ vσ
)=−δ(σ ∗φ)+ 12 Tr(σ ∗φ∗U),
where δ is the coderivative for σ ∗mQ-valued differential forms on M relative to the σ -pullback of any
connection in mQ which is φ-equivalent to ∇c. In particular, if G/H is naturally reductive then σ is a
harmonic section precisely when σ ∗φ is co-closed.
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∇vdvσ (X,Y )=∇vX
(
dvσ (Y )
)− dvσ (∇XY ).
Using (3.1) and Corollary 2.4 it follows that:
I ◦αvσ (X,Y )=∇cX
(
σ ∗φ(Y )
)− σ ∗φ(∇XY )+ 12B(φ(σ∗X),φ(σ∗Y ))
(3.2)=∇c(σ ∗φ)(X,Y )+ 12σ ∗φ∗B(X,Y ).
Since U is the symmetric component of B, taking the trace yields
I
(
τ vσ
)=−δc(σ ∗φ)+ 12 Tr(σ ∗φ∗U).
If ∇ is any other connection in the canonical vector bundle, and Sφ is the φ-difference tensor for the pair
(∇c,∇), then by definition:
∇c(σ ∗φ)(X,Y )=∇(σ ∗φ)(X,Y )+ Sφ(σ∗X,σ∗Y ),
and hence
δc(σ ∗φ)= δ(σ ∗φ)− Tr(σ ∗Sφ).
But if ∇ is φ-equivalent to ∇c then σ ∗Sφ is trace-free. Finally, recall that G/H is naturally reductive if
and only if U = 0. ✷
We now consider the equation ∇dσ = 0, whose solutions are the totally geodesic sections. These
sections send geodesics of M to geodesics of N ; thus σ (M) is a totally geodesic submanifold of N .
Since the horizontal lift of any geodesic is a geodesic [12], every horizontal section is totally geodesic.
Weaker conditions are obtained by considering separately the vanishing of the V- and H-components of
∇dσ , yielding vertically geodesic and horizontally geodesic sections respectively; these send geodesics
to paths with horizontal (resp. vertical) acceleration. We refer to the σ ∗mQ-valued 2-form σ ∗Φ as the
curvature of σ , and say that σ is a flat section if σ ∗Φ = 0. From the homogeneous structure equation
(Proposition 2.1):
σ ∗Φ = dc(σ ∗φ)+ 12 [σ ∗φ ∧ σ ∗φ]fm,
hence every horizontal section is flat (Proposition 3.1). Of course if π is flat then so are all its sections.
In order to translate vertical and horizontal (and hence total) geodesy into conditions involving φ and Φ
we introduce the following 3-covariant tensor 〈σ ∗φ⊗ σ ∗Φ〉 on M :
〈σ ∗φ ⊗ σ ∗Φ〉(X,Y,Z)= 〈σ ∗φ(X),σ ∗Φ(Y,Z)〉.
We also record some general facts about the second fundamental form of a Riemannian submersion,
assembled from [1, Chapter 9], [12,17,21].
Lemma 3.3. Let π : (N,h) → (M,g) be a Riemannian submersion. If H,K are (resp. V,W ) are
horizontal (resp. vertical) tangent vectors of N then:
(a) ∇dπ(H,K)= 0.
(b) ∇dπ(V,W)=−dπ ◦α(V,W), where α is the second fundamental form of the fibres.
(c) g(∇dπ(H,V ), dπ(K))= 12h(V, [H,K]).
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(a) φ(∇dσ )=∇c(σ ∗φ)+ 12σ ∗φ∗B− 12σ ∗Φ.
In particular, if σ is vertically geodesic then σ is a harmonic section.
(b) 2g(π∗∇dσ (X,Y ),Z)= 〈σ ∗φ⊗ σ ∗Φ〉(X,Y,Z)+ 〈σ ∗φ ⊗ σ ∗Φ〉(Y,X,Z).
Therefore σ is horizontally geodesic if and only if 〈σ ∗φ ⊗ σ ∗Φ〉 is a 3-form on M . In particular, if σ is
flat then σ is horizontally geodesic.
Proof. (a) By the Leibniz rule:
∇dσ (X,Y )=∇X(σ∗Y )− σ∗(∇XY ).
Then by Corollary 2.4:
φ ◦ ∇dσ (X,Y )=∇cX
(
φ(σ∗Y )
)− σ ∗φ(∇XY )+ S(σ∗X,σ∗Y )
=∇c(σ ∗φ)(X,Y )+ 12φ∗B(σ∗X,σ∗Y )− 12Φ(σ∗X,σ∗Y ).
Combining the trace of this formula with Theorem 3.2 yields:
Tr(φ ◦ ∇dσ )=−δc(σ ∗φ)+ 12 Tr(σ ∗φ∗U)= I
(
τ vσ
)
,
from which it follows that σ is a harmonic section if σ is vertically geodesic.
(b) Taking the second derivative of the equation π ◦ σ = 1 yields:
dπ ◦ ∇dσ +∇dπ(dσ, dσ )= 0.
Since π has totally geodesic fibres it then follows from Lemma 3.3 that:
−2g(π∗∇dσ (X,Y ),Z)= 2g
(∇dπ(dvσ (X), dzσ (Y ))+∇dπ(dzσ (X), dvσ (Y )),Z),
where dzσ denotes the horizontal component of dσ ,
= h(dvσ (X), [dzσ (Y ), dzσ (Z)])+ h(dvσ (Y ), [dzσ (X), dzσ (Z)])
= 〈σ ∗φ(X),φ[dzσ (Y ), dzσ (Z)]〉+ 〈σ ∗φ(Y ),φ[dzσ (X), dzσ (Z)]〉
=−〈σ ∗φ(X),σ ∗Φ(Y,Z)〉− 〈σ ∗φ(Y ), σ ∗Φ(X,Z)〉,
using Corollary 2.2 and the horizontality of Φ. ✷
We now turn to Eq. (1.2), whose solutions are the super-flat sections. The relation between super-
flat and harmonic sections is akin to that between totally geodesic and harmonic maps; furthermore, the
graph of a totally geodesic map is a super-flat section, and vice versa. However, the possibility of a section
being totally geodesic in its own right raises the question of a direct relationship between super-flatness
and total geodesy. This may be tackled by comparing Eq. (3.2) with Theorem 3.4(a), and then applying
Theorem 3.4(b).
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I
(
αvσ
)= φ ◦ ∇dσ + 12σ ∗Φ.
The section σ is super-flat if and only if σ is flat and totally geodesic. In particular, if σ is flat then σ is
totally geodesic if and only if σ is super-flat.
It follows from Theorem 3.5 that τ vσ is the vertical component of the tension field τ(σ ), so if σ is a
harmonic map then σ is certainly a harmonic section. To identify the conditions for a harmonic section
to be a harmonic map we introduce the following 1-form 〈σ ∗φ,σ ∗Φ〉 on M :
〈σ ∗φ,σ ∗Φ〉(X)=
∑
i
〈σ ∗φ ⊗ σ ∗Φ〉(Ei,Ei,X)
where {Ei} is any orthonormal tangent frame of M . By Theorem 3.4(b) the horizontal component of τ(σ )
is the horizontal lift of the vector field on M dual to 〈σ ∗φ,σ ∗Φ〉.
Theorem 3.6. A harmonic section σ is a harmonic map if and only if 〈σ ∗φ,σ ∗Φ〉 = 0. In particular, if
σ is flat then σ is a harmonic map if and only if σ is a harmonic section.
4. The twistor bundle
Let (E,∇, 〈, 〉)→M be a real Riemannian vector bundle of rank r = 2k. A complex structure in E is a
bundle isomorphism J :E→ E with J 2 =−1. Then E acquires the structure of a complex vector bundle;
in particular, E is orientable. Assume in addition that J is orthogonal. Then J is skew-symmetric, hence
there is an associated Kähler 2-form η in E :
η(u, v)= 〈Ju, v〉,
and E acquires the structure of a Hermitian vector bundle, with Hermitian fibre metric:
〈u, v〉C = 〈u, v〉 − iη(u, v).
When a complex frame of E is regarded as a real frame in the following way:
(u1, . . . , uk) → (u1, . . . , uk, Ju1, . . . , Juk)
the unitary frames for 〈 , 〉C constitute a principal U(k)-subbundle ξ ′ :Q′ → M of the SO(r)-bundle
ξ :Q→M of positively oriented orthonormal frames, where H = U(k) is regarded as a subgroup of
G= SO(r) via the following monomorphism:
A+ iB →
(
A −B
B A
)
.
Now H may be characterized as the centralizer of the following element of G:
Jo =
(
Ok −Ik
Ik Ok
)
.
Therefore h is the subalgebra of skew-symmetric Jo-commuting r × r matrices, and the skew-symmetric
Jo-anticommuting matrices define a reductive complement m. The universal complex structure J in
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with respect to any frame in ζ−1(y) is Jo. Now gQ is the bundle of skew-symmetric endomorphisms
of E , and the fibre Lie bracket is the commutator. The fibre of mQ (resp. hQ) over y comprises
those skew-endomorphisms of Eπ(y) which anticommute (resp. commute) with J (y), and the mQ- and
hQ-components of β ∈ π∗gQ are given by:
(4.1)β = 12J [β,J ] − 12J {β,J },
where { , } is the anticommutator. The homogeneous connection and curvature forms, and the canonical
connection, may also be expressed in terms of J .
Proposition 4.1. If A,B ∈ TN and α ∈ C(mQ) then:
(a) φA= 12J ◦ ∇AJ .
(b) Φ(A,B)= 12J [π∗R(A,B),J ], where R is the curvature tensor of ∇ .
(c) ∇cAα = 12J [∇Aα,J ].
Proof. (a) Let J˜ :π∗Q→G⊂ gl(r) denote the G-equivariant lift of J . Note that J˜ is the G-equivariant
extension of the H -equivariant map Jo :Q → H . Let D be the exterior covariant derivative for
gl(r)-valued differential forms on π∗Q. If E ∈ TQ is any lift of A then:
DJ˜ (E)= dJ˜ (E)+ [ω(E), J˜ ]= [ωm(E), Jo]=−2Jo.ωm(E),
since J˜ |Q= Jo (constant) and elements of m anticommute with Jo. Projection to N yields:
∇AJ =−2J ◦ φ(A),
and the result follows since J 2 =−1.
(b) It follows from (4.1) that Ωm = 12Jo[Ω,Jo]. The right hand side is the restriction to Q of the
g-valued 2-form 12 J˜ [Ω˜, J˜ ] on π∗Q, where Ω˜ is the pullback of Ω . Since Ω˜ is the curvature of the
pullback connection, on projection to N we obtain Φ = 12J [π∗R,J ].(c) Since [m,m] ⊂ h it follows from Proposition 2.7 that ∇c = ∇m. Now ∇ω is the restriction of the
tensor product connection in E∗ ⊗ E , and its mQ-component follows from (4.1). ✷
We now express the vertical derivative, super-curvature and vertical tension field of σ ∈ C(π) in terms
of the corresponding complex structure J . Note that σ and J are related via J as follows: σ ∗J = J . Let
∇∗∇ =−Tr∇2, the rough (or trace) Laplacian of E .
Theorem 4.2. The following relationships exist between J and its parametrizing section σ :
(a) I (dvσ )= 14 [J,∇J ] = 12J ◦ ∇J . Thus σ is horizontal if and only if J is parallel.
(b) I (αvσ )= 14 [J,∇2J ]. Thus σ is super-flat if and only if ∇2J commutes with J .
(c) I (τ vσ )=− 14 [J,∇∗∇J ]. Thus σ is a harmonic section iff ∇∗∇J commutes with J .
Proof. (a) Pulling back Proposition 4.1(a) by σ yields:
(4.2)I ◦ dvσ (X)= σ ∗φ(X)= 12J ◦ ∇XJ.
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expression as a commutator.
(b) From Theorems 3.5 and 3.4 (with B= 0), part (a) and Proposition 4.1(c):
I
(
αvσ
)=∇c(σ ∗φ)= 12∇c(J ◦ ∇J )= 14J [∇(J ◦ ∇J ), J ]
= 14J
[
J ◦ ∇2J, J ], since (∇J )2 commutes with J
= 14
[
J,∇2J ].
Part (c) is immediate on taking the trace. ✷
Remark. Pulling back Proposition 4.1(b) by σ yields:
(4.3)σ ∗Φ = 12J [R,J ].
By simple tensor calculations:[
R(X,Y ), J
]=R(X,Y )J = 12J [∇2X,Y J −∇2Y,XJ, J ],
from which it follows that σ is flat precisely when J is a flat section of E∗ ⊗ E , and 12σ ∗Φ is the skew-
symmetric component of I (αvσ ), as required by Theorem 3.5.
The curvature operator R for ∇ maps 2-forms θ in E to 2-forms on M , as follows:
R(θ)(X,Y )=−1
2
r∑
α=1
θ
(
R(X,Y )uα, uα
)
,
where {uα} is any orthonormal frame of E . Since J and ∇XJ anticommute, for every vector field X on
M a 2-form θX in E may be defined:
θX(u, v)=
〈
J ◦ ∇XJ (u), v
〉
.
Then
(4.4)R(θX)(Y,Z)= 14
〈[
R(Y,Z), J
]
,∇XJ
〉
.
Comparing (4.4) with Eqs. (4.2) and (4.3) one sees that:
(4.5)〈σ ∗φ ⊗ σ ∗Φ〉(X,Y,Z)=R(θX)(Y,Z).
Plugging (4.5) into Theorems 3.4 and 3.6 yields the following result.
Theorem 4.3. The section σ is horizontally geodesic if and only if R(θX)(Y,−) is skew-symmetric in X
and Y . The equations for σ to be a harmonic map are:
[J,∇∗∇J ] = 0=
∑
j
R(θEj )(Ej ,−),
where {Ej } is any orthonormal tangent frame on M .
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the case where M is even-dimensional and E = TM , with 〈 , 〉 = g and ∇ the Levi-Civita connection.
Orthogonal complex structures in E are then almost-Hermitian structures on M . By Theorem 4.2(a) the
horizontal sections of the π are precisely those which parametrize Kähler structures on M , the existence
of which is constrained by well-known topological obstructions. An almost-Hermitian structure J is
nearly-Kähler if
∇XJ (X)= 0, ∀X ∈ TM.
Nearly-Kähler manifolds satisfy the following curvature identity [9, Proposition 2.1]:
(4.6)〈[J,R(X,Y )]Z,W 〉= η(∇XJ (Y ),∇ZJ (W)),
where η is the Kähler form. One consequence is the following technical identity [10, Proposition 2.3].
(4.7)2∇2X,Y η(Z,W)=−η
(∇XJ (Y ),∇ZJ (W)),
where  denotes cyclic summation over Y,Z,W . It was shown in [22] that if J is nearly-Kähler then σ
is a harmonic section. In fact more is true.
Theorem 4.4.
(a) If J is nearly-Kähler then σ is a vertically geodesic harmonic map.
(b) If M has constant non-zero sectional curvature, then J is nearly-Kähler if and only if σ is totally
geodesic.
Proof. (a) By Theorem 3.5 the vertical component of ∇dσ is the symmetric component of αvσ , whose
image under 8I is (Theorem 4.2):[
J,∇2X,Y J +∇2Y,XJ
]= (∇2X,Y η+∇2Y,Xη)(Z,W)− (∇2X,Y η+∇2Y,Xη)(JZ,JW).
But by (4.7):(∇2X,Y η+∇2Y,Xη)(Z,W)= η(∇XJ (Z),∇YJ (W))− η(∇XJ (W),∇Y J (Z)),
which is clearly of bidegree (1,1). On the other hand, plugging (4.6) into Eq. (4.4) yields:
R(θX)(Y,Z)= 14
∑
k
η
(∇Y J (Z),∇EkJ ◦ ∇XJ (Ek)),
and using the skew-symmetry of ∇J :∑
j
R(θEj )(Ej ,X)=
1
4
〈
J ◦ ∇XJ,Tr(∇J )2
〉= 0,
since J ◦ ∇XJ is the product of two anti-commuting skew-symmetric endomorphisms, and therefore
skew-symmetric, whereas Tr(∇J )2 = ∑k∇EkJ ◦ ∇EkJ is symmetric. It therefore follows from
Theorem 4.3 that σ is a harmonic map.
(b) Suppose M has constant sectional curvature κ :
R(X,Y )Z= κ(〈Y,Z〉X− 〈X,Z〉Y ).
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R(θX)(Y,Z)= κ
〈∇XJ (Y ), JZ〉,
and it follows from (4.5) and Theorem 3.4 that σ is horizontally geodesic if and only if J is nearly-Kähler.
The result now follows from part (a). ✷
Remark. Under the same curvature hypotheses as Theorem 4.4(b), it can also be shown that σ is a
harmonic map if and only if σ is a harmonic section and (M,g, J ) is cosymplectic.
Finally, we observe the following Bernstein-type property of nearly-Kähler structures.
Theorem 4.5. If J is nearly-Kähler and σ is super-flat, then J is Kähler (hence σ is horizontal).
Proof. If σ is super-flat then Theorem 3.5 implies that σ is flat, and hence [R,J ] = 0. The nearly-Kähler
curvature identity (4.6) then implies that J is Kähler. ✷
It follows from Theorems 4.4 and 4.5 that the section parametrizing the canonical nearly-Kähler
structure on the round 6-sphere is totally geodesic, but not super-flat.
An almost-Hermitian structure is (1,2)-symplectic if dη(1,2) = 0, or equivalently:
(4.8)∇J (JX,JY )=−∇J (X,Y ).
Nearly-Kähler structures are (1,2)-symplectic, as are almost-Kähler structures (dη = 0). The ∗Ricci
curvature of an almost-Hermitian manifold is defined:
Ric∗(X,Y )=
∑
j
〈
R(X,Ej)JEj , JY
〉
.
Unlike the Ricci curvature, Ric∗ is generally not symmetric. However, since Ric∗ satisfies
Ric∗(JX,JY )= Ric∗(Y,X),
Ric∗ is symmetric if and only if Ric∗ is Hermitian. The following result was obtained in [22].
Theorem 4.6. Suppose σ parametrizes a (1,2)-symplectic structure. Then σ is a harmonic section if and
only if Ric∗ is symmetric.
A special case of Theorem 4.6 is the class of (1,2)-symplectic ∗Einstein manifolds:
Ric∗ = s
∗
m
g,
where m= dimM and s∗ is the ∗scalar curvature:
s∗ =
∑
j
Ric∗(Ej ,Ej ).
In contrast to Einstein manifolds, s∗ is not generally constant; thus, in Hermitian geometry the ∗analogue
of the following identity is false:
(4.9)2δRic + ds = 0,
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a (1,2)-symplectic manifold with σ a harmonic section, the ∗analogue of (4.9) is in fact precisely the
additional condition required for σ to be a harmonic map.
Lemma 4.7. An almost-Hermitian manifold with symmetric ∗Ricci curvature has:
2δRic∗(X)+ ds∗(X)= 2 Ric∗(JX, δJ )−
∑
j,k
〈
R(X,Ej)JEk,∇JEj J (JEk)
〉
.
Proof. Note first that Bianchi’s first identity implies (summation convention):
(4.10)Ric∗(X,Y )=− 12
〈
R(Ej , JEj )X,JY
〉
.
Using the symmetry and J -invariance of Ric∗, it then follows that:
2δRic∗(X)− 2 Ric∗(JX, δJ )
=−2∇Ej Ric∗(X,Ej)+ 2 Ric∗(X,J δJ )
= 〈∇Ej R(Ek, JEk)X,JEj 〉+ 〈R(Ek,∇Ej J (Ek))X,JEj 〉
= 〈∇Ej R(X,JEj)Ek, JEk〉+ 〈R(X,JEj)Ek,∇Ej J (Ek)〉
= 12
〈∇XR(Ej , JEj )Ek, JEk〉− 〈R(X,Ej)JEk,∇JEj J (JEk)〉,
by Bianchi’s second identity. Now notice that:
−2ds∗(X)= 〈∇XR(Ej , JEj)Ek, JEk〉+ 〈R(Ej ,∇XJ (Ej))Ek, JEk〉
+ 〈R(Ej , JEj)Ek,∇XJ (Ek)〉
= 〈∇XR(Ej , JEj)Ek, JEk〉+ 4 Ric∗(Ej,∇XJ (Ej))
= 〈∇XR(Ej , JEj)Ek, JEk〉,
since Ric∗ is J -invariant. ✷
Theorem 4.8. If J is (1,2)-symplectic then σ is a harmonic map if and only if Ric∗ is symmetric and
2δRic∗ +ds∗ = 0. In particular, if J is (1,2)-symplectic and ∗Einstein then σ is a harmonic map if and
only if s∗ is constant.
Proof. Eq. (4.4) implies (summation convention):
−4R(θEj )(Ej ,X)=
〈
JR(Ej ,X)Ek −R(Ej ,X)JEk,∇Ej J (Ek)
〉
= 〈R(Ej ,X)Ek,∇Ej J (JEk)〉,−〈R(Ej ,X)JEk,∇Ej J (Ek)〉
=−2〈R(Ej,X)JEk,∇Ej J (Ek)〉.
Using Eq. (4.8), if σ is a harmonic section then by Theorem 4.6 and Lemma 4.7:
2R(θEj )(Ej ,X)= 2δRic∗(X)+ ds∗(X),
and the result follows from Theorem 4.3. ✷
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be a k-dimensional Riemannian manifold, and let (M,g) be the tangent bundle of M ′ equipped with the
Sasaki metric. If x ∈M let x¯ (resp. xˆ) denote the horizontal (resp. vertical) lift of x into TM . The Sasaki
almost-Hermitian structure on M is then defined:
J (x¯)= xˆ, J (xˆ)=−x¯.
It is well-known that (M,g, J ) is almost-Kähler, and Kähler precisely when (M ′, g′) is flat [6]. The
following expressions for the components of Ric∗ were presented in [22] without proof.
Lemma 4.9. Suppose x, y, z ∈M all belong to the same tangent space of M ′. Then:
(a) 8 Ric∗(yˆ(x), zˆ(x))= 4 Ric′(y, z)+ g′(R′(x, y),R′(x, z))= 8 Ric∗(y¯(x), z¯(x));
(b) Ric∗(yˆ(x), z¯(x))= 0;
(c) 2 Ric∗(y¯(x), zˆ(x))= g′(δ′R′(x)y, z).
Proof. It follows from (4.10) that:
Ric∗(Y,Z)=
∑
j
〈
R(eˆj , e¯j )Y, JZ
〉 ∀Y,Z ∈ TxM,
where {ej } is any g′-orthonormal basis of the tangent space of M ′ containing x. The components of R
were computed in [16]; for example, by [16, Theorem 1, (20)] (with summation convention):
4 Ric∗(yˆ, zˆ)=−2g′(R′(y, ej )z, ej)− g′(R′(x, y) ◦R′(x, ej )z, ej)
= 2 Ric′(y, z)+ g′(R′(x, y)ej ,R′(x, ej )z).
Now
g′
(
R′(x, y)ej ,R′(x, ej )z
)= g′(R′(x, ej )z, ei)g′(R′(x, y)ej , ei)
=−g′(R′(z, ei)x, ej )g′(R′(x, y)ei , ej)
=−g′(R′(x, y)ej ,R′(z, ej )x),
and therefore by Bianchi’s first identity:
2g′
(
R′(x, y)ej ,R′(x, ej )z
)= g′(R′(x, y)ej ,R′(x, z)ej).
This establishes the first of identities (a), and the second is similar. Identities (b) and (c) are rather more
straightforward applications of [16]. ✷
Theorem 4.10. For the Sasaki structure, σ is a harmonic section precisely when M ′ has harmonic
curvature (δ′R′ = 0). However σ is a harmonic map if and only if M ′ is flat.
Proof. The first part is an immediate consequence of Lemma 4.9 and Theorem 4.6, and appeared in [22].
If Ric∗ is symmetric, then by Lemma 4.9(a):
4s∗(x)= 4s′ +
∑
j
∣∣R′(x, ej )∣∣2
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as x. Since zˆ(x) is tangent to the ray x + tz (t ∈R) we have:
2ds∗
(
zˆ(x)
)=∑
j
g′
(
R′(x, ej ),R′(z, ej )
)
.
The corresponding component of the coderivative follows from Lemma 4.9, using results of [16] to
compute the Levi-Civita connection of M where necessary (summation convention):
δRic∗
(
zˆ(x)
)=−∇eˆj (x) Ric∗(eˆj (x), zˆ(x))−∇e¯j (x) Ric∗(e¯j (x), zˆ(x))
=−eˆj (x).Ric∗(eˆj , zˆ)+Ric∗
(
e¯j (x),∇e¯j (x)zˆ
)
=− 18 eˆj (x).g′
(
R′(x, ej ),R′(x, z)
)+ 12 Ric∗(e¯j (x),R′(x, z)ej )
= 18g′
(
R′(x, ej ),R′(z, ej)
)+ 14 Ric′(ej ,R′(x, z)ej)
+ 116g′
(
R′(x, ej ),R′
(
x,R′(x, z)ej
))
.
Therefore
(2δRic∗ +ds∗)(zˆ(x))= 34g′(R′(x, ej ),R′(z, ej ))+ 12 Ric′(ej ,R′(x, z)ej )
+ 18g′
(
R′(x, ej ),R′
(
x,R′(x, z)ej
))
.
In particular:∑
j
(2δRic∗ +ds∗)(eˆj (ej ))= 34 |R′|2.
So if σ is a harmonic map then Theorem 4.8 implies that M ′ is flat. ✷
It follows from Theorem 4.10 that, for example, the section σ of the twistor bundle over T S2
parametrizing the Sasaki structure is a harmonic section, but not a harmonic map. Since M ′ is flat if
and only if J is Kähler, if σ is a harmonic map then σ is in fact horizontal; in particular, if σ is totally
geodesic, or super-flat, then σ is horizontal.
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